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Abstract—Analytical results are presented for the melting of a pure metal from an isothermal vertical wall.
The investigation focuses on the influence of surface tension on the flow and heat transfer in the liquid
phase as well as the resultant shape and motion of the solid-liquid interface. A control volume-based
discretization scheme is used to solve the governing partial differential equations in the irregular melt
domain while the moving boundary is immobilized by invoking the quasi-steady assumption. Numerical
predictions reveal a complex interaction between buoyancy forces in the melt and the Marangoni effects
at the melt free surface. The surface tension-driven convection causes isotherm compaction near the top
of, and adjacent to the melting front. The associated high heat transfer at the intersection of the solid-
liquid interface and the melt free surface results in significant ‘notching’ of the solid. Hence, the influence
of Marangoni convection is felt strongly in the timewise shape and motion of the solid-liquid interface.
Predicted global melting rates, however, exhibit less sensitivity to the inclusion of thermocapillary forces
in the analysis. Representative results for the flow and temperature distribution in the melt are shown

graphically in the form of liquid phase isotherm and stream function distributions.

INTRODUCTION

SoLip-LiQuib phase change is a basic heat transfer
phenomenon important in a variety of industrial
applications. To date, considerable effort has been
dedicated to solution of freezing and melting problems
both in the absence of liquid phase convection and
in situations where natural convection in the melt
significantly affects freezing and melting [1, 2].

Under certain conditions, melt convection may be
induced by driving forces in addition to buoyancy.
For example, if the melt is characterized by a
free surface, melt convection can be influenced by
thermocapillary forces. Specifically, thermocapillary
(Marangoni) convection plays a significant role in
applications such as welding, crystal growth, and glass
manufacturing [3-7]. The characteristics of these
applications which promote the significance of
Marangoni effects are relatively small geometries,
high purity melts and free surface exposure to an inert
environment. In larger geometries, buoyancy forces
generally overshadow Marangoni effects while use of
low purity materials in relatively active environments
promotes species adsorption at the exposed surface.
The surface species distribution adjusts to induce
solutocapillary forces which offset their thermal
counterparts resulting in effective no slip boundary
conditions at this location [8].

Although considerable attention has been given to
the effects of buoyancy in freezing and melting appli-
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cations, as well as Marangoni effects in the absence of
phase change, relatively little effort has been directed
to the general case of combined buoyancy and Maran-
goni-induced melt convection with solid-liquid phase
change. A combined numerical and experimental
study involving a high Pr melt (n-octadecane) in a
rectangular enclosure with heated and cooled side
walls has been reported [9], and a numerical analysis
of steady-state conjugate heat transfer in the same
geometry has been considered [10]. Both studies have
shown that thermocapillary convection can influence
melting or solidification by enhancing or reducing
solid-liquid interface heat transfer rates near the free
surface and the bottom of the enclosure, respectively.
In contrast, recent simulations of pure metal solidi-
fication at a vertical wall accounting for buoyancy
forces only have not been in good agreement with
experimental results, and the discrepancy has been
attributed in part to uncertainties regarding the free
surface hydrodynamic boundary conditions [11].
Perhaps the paucity of attention directed to Maran-
goni effects in freezing and melting is related to the
difficulty in observing Marangoni phenomena in the
heat transfer laboratory where a relatively dirty en-
vironment is present. However, in applications where
the solid material purity demands are high, such as
in microelectronics crystal growth, thermocapillary
phenomena are observable and can be significant [12].
Hence, the objective of this study is to consider how
Marangoni and buoyancy forces interact to influence
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g  gravitational acceleration

H  liquid metal height

Ah; latent heat of fusion

k  thermal conductivity

Marangoni number, ¢’ (T, — T;) Hfux

Nu local Nusselt number, gH/k(T,, — T})

i unit vector normal to the solid-liquid
interface

P dimensionless local pressure

P reduced pressure in pressure and mass flux
interpolations

Pr  Prandtl number, v/a

q  local heat flux

Ra Rayleigh number, g8(T, — T)H/va

Ste Stefan number, ¢ (T, — T)/Ah;

time

temperature

velocity in the x-direction

dimensionless velocity, uH/a

velocity in the y-direction

dimensionless velocity, vH/a

molten volume fraction

dimensionless normal melt front velocity

*
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NOMENCLATURE
A cavity aspect ratio, H/W w  melt free surface length
¢ liquid specific heat x  coordinate direction normal to heated wall
F(Y,7) dimensionless solid-liquid interface X  dimensionless coordinate, x/H
position y  coordinate direction parallel to heated wall
Fo Fourier number, at/H? Y  dimensionless coordinate, y/H.

Greek symbols
o  thermal diffusivity
B thermal expansion coefficient
0 dimensionless temperature,
(T-TH[T.—Ty
dynamic viscosity
kinematic viscosity
density ratio, p,/p,
fluid surface tension
surface tension variation with
temperature, dg/0T
T dimensionless time, Fo Ste
Y* dimensional stream function
Q  length scale in P-Q scheme.

Q O™ <%
*

~

Subscripts

fusion point
solid-liquid interface
liquid quantity
heated wall quantity
x-direction quantity
y-direction quantity.
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a solid-liquid phase change process. Specifically, con-
sideration is given to the physical system shown in
Fig. 1. Here, a solid material is contained within an
enclosure and is initially at its fusion temperature.
The material is melted by impulsively heating the left
enclosure wall above the fusion temperature. The
material’s top surface is either exposed to an inert
environment so that both buoyancy and surface ten-
sion forces exert their full influence on the melt con-
vection, or is characterized by effective no slip hydro-
dynamic boundary conditions. The physical situation
which motivates the specification of the dimensionless
parameters of the study is melting of a silicon ribbon
with a thickness of approximately 5, 10, and 20 mm.
Variations in the silicon thickness lead to changes in

fe—— w(t) —-‘ Inert Environment
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FiG. 1. Schematic of the physical system.

Liquid

the relative influence of buoyancy and surface tension
forces, as will become evident.

ANALYSIS

Two-dimensional melting of a solid slab of pure
metal from an isothermal vertical wall is modeled
mathematically. In general, the melt is characterized
by a free liquid surface and undergoes convection
due to the presence of buoyancy and thermocapillary
forces. The metal is assumed to be initially at its fusion
temperature T;, eliminating the need for solution of
the energy equation in the solid. At time ¢ =0 the
temperature of one vertical wall of height H is raised
impulsively to a prescribed temperature above the
fusion point, T, > T;.

In order to simplify the analysis, certain assump-
tions consistent with recent numerical treatments of
combined surface tension/buoyancy induced flow and
melting processes have been made. The melt free sur-
face is assumed to be flat and nondeformable. The
Boussinesq approximation is employed and the sur-
face tension is assumed to vary linearly with tem-
perature. The thermophysical properties of the melt
are evaluated at (T, + T;)/2 and the flow and heat
transfer are assumed to be laminar. Viscous dis-
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sipation is neglected, as are the slight normal velocities
at the solid-liquid interface due to the material density
change upon melting.

Due to the high melting temperature of most liquid
metals, it may be anticipated that radiative exchange
between the free surface and the environment above
will redistribute surface temperatures and impact ther-
mocapillary phenomena. A preliminary numerical
investigation was performed in which a layer of
molten silicon with w/H =2.0 was held within a
square enclosure. The vertical enclosure walls were
maintained at T, and Ty, while the ceiling and bottom
of the enclosure were characterized by a linear tem-
perature distribution and adiabatic thermal boundary
conditions, respectively. Radiative exchange between
differential areas located on the melt surface and
diffuse gray enclosure walls was included in the simu-
lation of thermocapillary flow within the melt. For a
range of operating conditions similar to those con-
sidered here and for wall emissivities between 0.1 and
0.9, thermocapillary convection within the melt (with
a conservatively estimated molten surface emissivity
of 0.75) was, for all practical purposes, unaffected by
radiative exchange. Local cold wall heat transfer rates
were affected only marginally, with uniform shifts of
approximately 10% over the range of wall emissivities
considered. In light of these results, the horizontal
bounding surfaces are considered to be adiabatic in
this study.

Under the foregoing assumptions, the partial
differential equations governing the transport of mass,
momentum, and energy in dimensionless form are

continuity
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The boundary conditions applied to the melt are:

at heated wall, X = 0

(5a)
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at the solid-liquid interface, X = F(Y, 1)
U=V=0

8=0; (5b)

at the bottom of the melt, Y =0
U=V=0
a8

¥ (5¢)

at the melt free surface, ¥ = 1
V=0

au 06

Fyan Mag-‘? (5d)

or
U=0

o6
Py 0.
It should be noted that the Marangoni number
appearing in equation (5d) is a ratio of thermo-
capillary to viscous forces in the melt, Due to the
limited choice of a normalizing length scale, the sys-
tem height, H, was selected. As such, Ma used in this
study is rather artificial since it is usually defined in
terms of the free surface length, w. Since w is an
outcome of the solution here, recourse to utilization
of a more physically meaningful length scale in Ma is
prohibited.

To complete the specification of the problem an
energy balance is performed at the solid-liquid inter-
face, yielding

v,
~V0-n = p*—>

Vé-a=p St 6)
where —V8-i is the local normal heat flux to the
solid-liquid interface and ¥, the dimensionless local
normal interface velocity.

Numerous methodologies have been used to predict
melting in the presence of natural convection [2, 13-
16]. A control-volume based discretization scheme
was employed in this study. The salient features of the
solution method, which has been used previously to
simulate buoyancy-only melting of pure metals [18]
are the following. The governing partial differential
equations in terms of primitive variables were inte-
grated over discrete non-orthogonal control volumes
in the melt domain. All terms arising from the non-
orthogonality of the grid were retained in the solution
procedure. The melt front was advanced by invoking
the quasi-steady assumption ; the melting process was
assumed to take place via a series of steady-state
periods during which the solid-liquid interface was
immobilized. The computational procedure could
then be divided into two parts : the steady-state advec-
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tion—diffusion iterations, and the solid-liquid inter-
face displacement.

The scheme used for the solution for the advection—
diffusion equations is a modification of that presented
in ref. {17] and discussed in ref. [18].The power-law
formulation of Patankar [19] was employed and
additional terms arising from the nonorthogonality
of the grid are treated as sources in the discretized
equations. The dependent variables, U, V, P and 8 are
stored at the same node and the P-Q scheme [17] was
employed to interpolate mass fluxes and pressures to
the control surfaces in order to avoid the prediction
of unrealistic velocity and pressure fields [19].

With the converged temperature field for each time
step the local interface heat flux in equation (6) is
evaluated. The solid-liquid interface energy balance
is scanned over the entire interface, and the time step
is then selected such that the maximum local interface
displacement is less than 5% of the corresponding
local melt gap width. This ensures that the time step
is small early in the melting process, when heat trans-
fer rates to the solid-liquid interface and hence inter-
face velocities, are high. Later, after the establishment
of quasi-steady melting, the time step increases. After
the interface is displaced, the steady-state advection—
diffusion equations are re-solved.

An algebraically generated non-orthogonal grid
was used to define the control surfaces of the grid
system. Horizontal and nominally vertical control sur-
faces were determined with power-law clustering
schemes over half of the melt domain

1j-1\" .
Y’_§<_A—l_>’ J=12,...

TRUST(R) R

,M+1 )

3 ¥ LN+ (8)

where 2M and 2N are the number of control volumes
in the Y- and X-directions, respectively. The remain-
ing half of the control surfaces were generated so that
the grid distribution was symmetric about ¥ = 1/2 and
X = F(Y,1)/2. The horizontal control surfaces were
generated once and remained unchanged through-
out the simulation. Generation of the vertical control
surfaces was performed at each time step according
to equation (8).

Considerable care and compromise is involved in
the selection of m, n, M and N in this study, beyond
that associated with the analysis of pure buoyancy
melting. Ideally, the control surfaces will be deployed
in a manner which leads to faithful prediction of local
heat transfer rates at the solid-liquid interface, melt
convection in the far field, and secondary recir-
culations. For the pure buoyancy case, a nearly uni-
form distribution (m = 1.25) for the horizontal con-
trol surfaces and clustering of nodes near the heated
vertical wall and melt front (n = 1.75), used in con-
junction with a relatively coarse grid (20 x 24 control
volumes) has been reported previously {18]. This grid

distribution was selected as a compromise between
computational cost considerations and attainment of
grid-independent results.

In contrast to the comparatively modest grid spac-
ing requirements for low Rayleigh number, pure
buoyancy simulations, numerical simulations of pure
thermocapillary-induced convection can demand util-
ization of very fine grid networks. For example, in the
case of pure thermocapillary-induced flow in a square
enclosure with a Pr = 1 fluid, extremely fine grid net-
works (approximately 150 control volumes in both X
and Y) are necessary to resolve details of the flow and
even finer networks may be necessary for liquid metals
[20]. These severe mesh refinements are necessary due
to isotherm compaction resulting from Marangoni
convection-intensified flow at the top of the cold wall.
The steep temperature gradients induce increased sur-
face velocities through the free surface hydrodynamic
boundary condition (equation (5d)) which, in turn,
promote steep temperature gradients. etc. The result-
ing thermocapillary forces can become so large that
maximum surface velocities can be predicted (unre-
alistically) at the grid node adjacent to the cold wall.

Noting the reported expense of pure buoyancy
melting simulations [18] it is impractical to incor-
porate extremely fine grids in solid-liquid phase
change problems with significant thermocapillary
effects included in the analysis. Fortunately, however,
the consequences of using a relatively coarse grid are
not as serious in the melting problem as implied by
the previous discussion. When the thermocapillary
forces are included in the liquid phase, isotherm com-
paction at the top of the cold wall leads to relatively
large local heat transfer rates at this location [21]. As
a result, ‘notching’ of the solid will occur and a thin,
nearly-horizontal finger of liquid will extend above the
solid [22]. Within the notch, the melt must negotiate a
sharp (nearly 180°) turn in order to return to the
bulk of the liquid phase. As a result. the free surface
velocities are slower relative to the enclosure problem,
since the underlying fluid is traveling away from the
cold wall. Viscous damping of thermocapillary-
induced flow due to solid notching has been noted
previously in conjugate solid-liquid simulations
including buoyancy and thermocapillary effects and
the grid size restrictions may be relaxed considerably
in order to achieve grid independent results [10].

In this study, values of m, n, M and N are 1.10, 1.75,
15 and 12 (30 x 24 control volumes), respectively. The
selected values are a compromise between achieve-
ment of problem tractability and resolution of the
details of the flow field. In defense of the grid gen-
eration scheme, none of the simulations reported here
are characterized by maximum free surface velocities
immediately adjacent to the solid-liquid interface.

The calculation procedure was initialized with a
thin layer thickness at a dimensionless time given by
the conduction solution. The initial time was Fo = 1,
and the corresponding Rayleigh number based on gap
width was always less than 250. The solution for the
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flow field at each quasi-steady time step proceeded
until the heat transfer rates at the hot wall and the
solid-liquid interface agreed to within 0.001%. In gen-
eral, the corresponding maximum mass residual
within the melt was of the order of 10~7.

RESULTS

The physical system associated with the simulations
is the melting of a pure silicon layer of various heights.
The solid silicon is initially at its fusion temperature
and the left wall of the enclosure is raised impulsively
to 10°C above T;. No slip and Marangoni hydro-
dynamic boundary conditions, respectively, are
applied at Y =1 in order to consider the limiting
surface tension effects. The thermophysical properties
of silicon are from refs. [23-25].

The Stefan and Prandtl numbers associated with the
simulations are 0.005 and 0.03, respectively. Simu-
lations were made for Ra = 4.0x 102, 3.0x10% and
2.5%10* and Ma = 1.0 x 10%, 2.0 x 10 and 4.0 x 10°.
These dimensionless parameters correspond to silicon
ribbon heights of 5, 10 and 20 mm, respectively. The
silicon layer heights were selected in order to consider
a range of conditions where either buoyancy or ther-
mocapillary effects dominate the melting process. The
ratio of buoyancy to surface tension forces is de-
scribed by the dynamic Bond number, Bo = Ra/Ma.
The simulations are characterized by Bo = 0.40, 1.50
and 6.25, suggesting that the impact of thermo-
capillary phenomena diminishes as the silicon
height is increased. The dimensionless stream function
is evaluated in order to ascertain the strength of the
convective motion and is defined in the usual way

ay oW
=39 V="3y 9)

U
where the stream function at X = 0, ¥ = 0 has been
arbitrarily taken to be zero. The dimensionless stream
function ¥ may be expressed in terms of the dimen-
sional stream function as § = y*Pr/v.

The results of Fig. 2 are associated with the impo-
sition of no-slip boundary conditions for the thickest
silicon layer, H = 20 mm, and are consistent with
those previously reported for melting liquid metals
including only natural convection effects [18]. These
results serve as a benchmark with which thermo-
capillary-assisted melting may be compared. Advec-
tion of relatively warm fluid from the hot left wall
to the solid-liquid interface induces accelerated melt-
ing near the top of the phase change boundary. Weak
recirculations are predicted to occur within the melt
at intermediate (Fig. 2(b)) and later (Fig. 2(c)) times.

Relative to the previous discussions concerning the
effect of surface contamination, the results of Fig. 2
correspond to melting of liquid metals with an
adsorbed film layer or slag providing effective no slip
hydrodynamic boundary conditions. In the absence
of contamination, thermal surface tension forces will

exert their full influence on the melt and will assist
buoyancy effects in driving melt convection. Rep-
resentative results for the same melting scenario
associated with Fig. 2, but including surface tension
effects are shown in Fig. 3.

Differences between Figs. 2 and 3 are readily appar-
ent. As expected, inclusion of surface tension forces
in the analysis induces relatively large melt velocities
at the free surface. Due to the absence of no slip
conditions at ¥ = 1, the center of rotation of the main
cell is raised, relative to its position for the pure buoy-
ancy simulation. The magnitudes of the maximum
dimensionless surface velocities are 350, 225 and 185
for Figs. 3(a){(c), respectively, and reflect the reduc-
tion in the average horizontal surface temperature
gradient with increasing melt gap width at the free
surface. Because of the increased melt velocities at the
free surface, thermal advection from the warm left
wall to the solid-liquid interface is enhanced. Accord-
ingly, isotherm compaction is amplified at Y =1,
X = F(Y, 1), melting rates are increased near the free
surface, and notching of the solid results.

As the fluid cools near the phase change interface
it drops into the bulk of the melt and is no longer
directly influenced by surface tension forces. The fluid
parcels are sent down the chute-like profile of the
solid-liquid interface and are returned to the hot wall.
As a result of this flow, a weak recirculation is induced
below the lip of the chute in much the same manner
as observed in Fig. 2. In contrast with previous results,
the recirculation evident at X =0, Y=1 in Fig. 2
disappears as thermocapillary forces assist their buoy-
ancy counterparts and lead to well-behaved flow at
this location.

Figures 4 and 5 include the local cold and hot wall
Nusselt number, respectively, at various times for the
simulations of Figs. 2 and 3. As is evident, overall
heat transfer rates across the melt layer decrease with
time as the molten material poses an ever-increasing
thermal resistance between the warm wall and the
solid-liquid interface. Variations in the local Nu may
be traced to the combined effects of buoyancy and
thermocapillary forces and the shape of the solid-
liquid interface.

As seen in Fig. 4(a), which is associated with the
imposition of no slip conditions at ¥ = 1, natural
convection induces enhanced melting at the solid—
liquid interface in the upper portions of the domain.
Local heat transfer rates, for example in the vicinity
of ¥ = 0.3, may increase with time and this seemingly
anomalous behavior is traced to temporal variations
in the solid-liquid interface shape.

Inspection of Fig. 4(b), which is associated with
combined thermocapillary and buoyancy induced
flow, reveals the increased local heat transfer resulting
from isotherm compaction at the top of the solid—
liquid interface. Whereas the spatial variations of Nu
are relatively smooth in Fig. 4(a), sharper variations
occur as thermocapillary effects are included in the
analysis. Particularly noteworthy are the ‘S’ shaped
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a)

FIG. 2. Predicted melt streamlines and isotherms for Ra = 2.5 x 10* and no slip boundary conditions : (a)
1=0.05¢,=—19; ()t =015y, =004, = —3.5, ¢; =0.01; () t =025, ¢, = 0.04, ¥, = —4.2,
¥; =001

W e
W

Fic. 3. Predicted melt streamlines and isotherms for Ra =2.5x10* and Ma = 4x10°: (a) 7 =0.05,
U, = ~2.3; (b) 1= 0.15, Yy, = —3.6, ¥ = 0.004; (c) T = 0.25, ¥, = —4.2, Y, = 0.003,
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FiG. 4. Predicted interface Nu for the results of (a) Fig. 2
and (b) Fig. 3.

spatial variations in Nu at, for example, Y = 0.6 for
t = 0.10. Within the ‘S’ distribution, relatively low
local heat transfer rates are associated with the recir-
culation beneath the lip of the liquid-solid interface
chute. Relatively high heat transfer occurs above the
recirculation and is responsible for the propagation
of notching to eventually include most of the ¥ range.

Warm wall Nusselt number distributions associated
with the simulations of Figs. 2 and 3 are shown in
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FI1G. 5. Predicted hot wall Nu for the results of (a) Fig. 2 and
(b) Fig. 3.

T 33:1-0

Figs. 5(a) and (b), respectively. In general, the Nu
distributions at the warm wall are of little interest, but
reflect the modifications in the system hydrodynamics
induced by thermocapillary phenomena.

As was seen in Fig. 4, overall heat transfer rates
across the melt decrease with time. However, the local
Nusselt number at the hot wall decreases everywhere
due to the planar system boundary. As expected, the
inclusion of thermocapillary forces in the analysis
decreases Nu near the upper surface of the warm wall
due to destruction of the recirculation which occurs
near this location when no slip boundary conditions
are applied. Local curvature in the Nu distribution is
more pronounced when surface tension effects are
included and is traceable to the relatively active flow
in the upper portions of the melt.

As Bo decreases with decreasing H, transition to
thermocapillary-dominated flow is expected to occur.
The results of Fig. 6 are associated with the smallest
H, Ra, Ma and Bo (5 mm, 400, 1000 and 0.4, respec-
tively). The predictions for the no slip case are not
presented since the system response is conduction
dominated and the solid-liquid interface is vertical.

For Marangoni-dominated conditions, complex
multicellular convection is predicted to occur through-
out the duration of the simulation. At early times
(t =0.05, Fig. 6(a)), a series of stacked convec-
tion cells occupies the melt region. The uppermost cell
is most vigorous and is driven by thermocapillary
forcesat Y = 1. The thermocapillary effects propagate
throughout the bulk of the melt and the middle cell
rotates in a counter-clockwise fashion in defiance of
the buoyancy forces within the system. In turn, the
bottom-most cell is rotated by viscous forces exerted
at its interface with the middle cell, as well as the
buoyancy forces within the system.

The uppermost convection cell is of sufficient
strength to promote significant advection within the
melt. Advective action compacts isotherms at the top
of the solid-liquid interface and leads to interface
notching. In contrast, the vertical, uniformly-spaced
isotherms in the lower two-thirds of the melt suggest
conduction-dominated transport.

As time progresses, the two secondary cells shift
their relative positions and, eventually, the middle cell
retreats to a position beneath the lip of the solid-
liquid interface chute at © = 0.25 (Fig. 6(c)). As noted
for the higher Bo results of Fig. 3, the maximum
dimensionless melt surface velocities continually
decrease as the melt thickness increases and are 72, 50
and 42 for t = 0.05, 0.15 and 0.25, respectively.

Figure 7 presents interface and hot wall local Nus-
selt number distributions associated with the results
of Fig. 6. Inspection of Fig. 7(a) reveals the decrease
in the overall Nu as the melt width increases. Ther-
mocapillary forces induce the high melting rates near
the free surface and their effects penetrate further
downward as the melt width increases. The ‘S’ shaped
Nu distributions are more distinct than those of Fig.
4(b) and are again attributed to the solid-liquid inter-
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FIG. 6. Predicted melt streamlines and isotherms for Ra = 400 and Ma = 1 x 10*: (@) t = 0.05, ¢, = —1.0,
Y, =0025 ¢, =—0.038; (b) 1 =0.15, ¥, = — 1.3, ¥, =0.045, Y, = —0.05; (c) t = 0.25, ¢, = — 1.4,
¥, =0051, ¢; = —0.026.

face shape and the presence of the secondary recir-
culation. In the bottom half of the system, however,
existence of conduction-dominated heat transfer is
suggested.

The warm wall Nu distributions of Fig. 7(b) also

1.0
T T T
osk o
0.05 =}~
Yo.s = 010 A
o4l 015
I oas |
02}
a)
0.0 '

3 4

Nu

FiG. 7. Predicted (a) interface Nu and (b) hot wall Nu for
the results of Fig. 6.

reflect the influence of thermocapillarity at Y = 1 with
small Nu existing at this location. Although the uni-
form Nu distributions at small ¥ seem to indicate
conduction-dominated conditions, a comparison of
hot and cold wall Nu values shows that advective
thermal transport is important, even in the lower por-
tions of the melt region. Indeed, a difference in hot
and cold wall Nu values is required in order to offset
the variations in Nu at large Y and conserve energy
on a global basis.

As is evident in the results thus far, variations in
the convective transport within the melt due to
inclusion of surface tension forces in the analysis lead
to changes in the local melting rates at the solid-liquid
interface. A summary of the resulting modifications
to the timewise variation of the solid-liquid interface
location, at various times, is shown in Fig. 8.

As the height of the silicon layer is increased, both
buoyancy and thermocapillary forces are enhanced
and accelerated melting occurs. Locally, however, the
width of the melt region may actually decrease when
Marangoni effects are taken into account. For all of
the cases considered here, a thicker melt region at
Y =1 coincides with a thinner melt region at the Y
location of the secondary recirculation noted in the
previous figures. In general, the melt widths for the
Marangoni and no slip simulations coincide at small
Y.

Although significant variations in the local melt
width are induced by thermocapillary effects, the com-
plex interactions between the melt and the solid lead
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F1G. 8. Predicted solid-liquid interface positions at various
times. The interface positions correspond to imposition of no
slip (solid line) and Marangoni (dashed line) hydrodynamic
boundary conditions. The interface locations are shown at
t=0.1,02,0.3,0.4 and 0.5, from left to right.

to less severe variations in the overall melting rate.
To quantify this notion, the molten fraction may be
obtained from a numerical integration of the melt
cavity volume

]

| 2 =AJ FY,7)dY (10)

0

where the aspect ratio for all the simulationsis 0.5. The

dimensionless melt volume for all of the simulations is
plotted vs time in Fig. 9.
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0.0 1 | ] 1
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FIG. 9. Predicted temporal variation of the melt volume for
all of the predictions presented here.
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The results of Fig. 9 indicate that the melt volume
increases as convective effects (Ra) are increased
within the system. Surprisingly, however, the nature
of the hydrodynamic boundary condition imposed at
Y = 1 wields little influence on the overall melting
rate. For example, at Ra = 2.5 x 10%, inclusion of ther-
mocapillary effects is responsible for only a 3%
increase in the melt fraction at T = 0.25. In contrast,
thermocapillary effects are responsible for variations
in the local melt thickness of approximately 30% at
the same time for the same simulation. Again, the
disparity in the importance of thermocapillary effects
is attributed to local increases and decreases in melting
rates at the phase change interface due to the complex
hydrodynamic flow field interaction with the solid.

CONCLUSIONS

Numerical predictions have been made for melting
of a pure metal with combined buoyancy and surface
tension forces included in the melt. Thermocapillary
forces are observed to have a significant impact on
the local melting behavior and shape of the solid-
liquid interface. Isotherm compaction near the top
of the melting front causes significantly higher local
melting at this location relative to the pure buoyancy
case. Complex multicellular flow patterns are
observed in the melt, and this flow structure is inti-
mately related to the local Nusselt number distri-
bution, and hence, local melting rates along the solid-
liquid interface. Whereas the influence of Marangoni
convection is felt strongly by the local melting at the
melt front, causing notching near the free surface,
the resultant global melting rates are only marginally
higher. As expected, surface tension effects diminish
as the cavity height is increased.
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SIMULATION DE LA FUSION D'UN METAL PUR AVEC FORCE DE FLOTTEMENT
ET TENSION SUPERFICIELLE DANS LA PHASE LIQUIDE

Résumé—On présente des résultats analytiques pour la fusion d'un métal pur & partir d’une paroi verticale
isotherme. On dégage l'influence de la tension superficielle sur 'écoulement et le transfert thermique dans
la phase liquide aussi bien gie la forme résultante et le mouvement de l'interface solide-liquide. Les
prédictions numeériques révélent une interaction complexe entre les forces de flottement dans le bain et les
effets de Marangoni 4 la surface libre. La convection pilotée par la tension interfaciale cause une compaction
isotherme prés du sommet adjacent du front de fusion. Le transfert thermique associé, a I'intersection de
I'interface solide~-liquide et de la surface libre est élevé et il résulte d’une “entaille” dans le solide. L’influence
de la convection de Marangoni est trouvée dans la forme et le mouvement de l'interface solide-liquide.
Les vitesses de fusion calculées montrent une faible sensibilité & I'introduction dans I'analyse des forces
thermocapillaires. Des résultats représentatifs pour le champ de vitesse et la distribution de température
dans le bain sont montrés graphiquement pour la forme de la phase liquide, les courbes d’isothermes et de
fonction de courant.

SIMULATION DES SCHMELZENS VON REINEM METALL UNTER
BERUCKSICHTIGUNG VON AUFTRIEB UND OBERFLACHENSPANNUNG IN DER
FLUSSIGEN PHASE

Zusammenfassung—Es werden analytische Lésungen fiir das Schmelzen von reinem Metall einer iso-
thermen senkrechten Wand vorgestellt. Die Untersuchungen beleuchten sowohl den EinfluB der Ober-
flichenspannung auf die Strémung und den Wirmetransport als auch die daraus resultierende Form
und Bewegung der Grenzfliche zwischen Feststoff und Fliissigkeit. Es wird ein auf Kontrollvolumina
basierendes Diskretisierungsverfahren angewandt, um die partiellen Differentialgleichungen im ungleich-
formigen Schmelzbereich zu l6sen, wihrend die sich eigentlich bewegende Grenze durch die Annahme
quasi-stationdrer Bedingungen als stillstehend angesehen wird. Numerische Berechnungen lassen eine
komplizierte Wechselwirkung zwischen Auftriebskriften in der Schmelze und den Marangoni-Effekten an
deren freier Oberfliche erkennen. Die von der Oberflichenspannung angetriebene Konvektion verursacht
im oberen Bereich der Schmelzfliche eine isotherme Verdichtung. Aus der damit verbundenen groen
Wirmestromdichte an der Grenzfliche zwischen Feststoff und Fliissigkeit und an der freien Oberfliche
der Schmelze resultiert eine bedeutende “Einkerbung™ in der festen Phase. Daher macht sich der EinfluB
der Marangoni-Konvektion bei der zeitlich verdnderlichen Form und Bewegung der Grenzfliche stark
bemerkbar. Die berechnete Gesamtschmelzgeschwindigkeit reagiert weniger empfindlich auf die Ein-
bezichung thermokapillarer Krifte. Reprisentative Ergebnisse fiir das Stromungsfeld und die Temperatur-
verteilung in der Schmelze werden grafisch in der Form von Isothermen in der fliissigen Phase und in
Stromfunktionsverteilungen gezeigt.



Simulation of pure metal melting with buoyancy and surface tension forces in the liquid phase

MOJEJIUPOBAHME IUTABJIEHHS YUCTOIO METAJUIA C YYETOM MOABLEMHONA
CHUJIBI U CWIbI TTOBEPXHOCTHOT'O HATSXKEHMA B XXHIKON ®A3E

Ammoramms—I[IpencrapieHbl aHATHTHYCCKAE PE3YAbTAaTHl UIK ILUTABJICHHS YHCTOrO MCETAJLIA y H30Tep-
mudcckoli BepTuxanbioli crenxn. ccnenyerca sansiue NOBEPXHOCTHOrO HATAXCHHA HA TCYCHHE M Tem-
nonepenoc B xuakoil Bhase, a Taxxe Ha pe3yanrupyOmyIo GopMy B ABHKCHHE IPAHHILL PAILENa MEXIY
TBEPALIM BEILIECTBOM H xnAKXocThI0. Onpenensiomne aubdepeHuHanbHLIC YPABHEHHES B YACTHHIX NPOH3-
BOJIHEIX B OGJIaCTH IUIABJICHHS HENPaBHILHOR GOPMEI pelIaroTcs Ha OCHOBE CXeMbi 06BeMHO# AnCKpe-
TH3AIMH, 2 JBHXYWASCS IPAHMIIA CYHTACTCA HCNOJBHAHON B COOTBETCTBHH C ROMYUICHHCM O
KBA3HCTAUHMOHAPOCTH. YHCNCHHBIC PacueThl NOKa3bIBAIOT CIONHYIO CBA3b MEXIY NOTBEMHBIME CHIAMH
B pacunase u 3ddexTamu Mapanronun y csoGoanoit nosepxHocTh pacnnasa. Koueexuns, o6ycnosien-
Hasl NOBCPXHOCTHBIM HATAKCHHEM, BHIIHBACT HIOTCPMHUCCKOC YILUIOTHEHNE HAl PPOHTOM PACILIABA H B
npuneratomedf x Hemy o6nacTd. CBA3aHHBIA TEMIONCPEHOC HA TPaHHLC pa3feNna MEXAY TBEPAOH M
xuaxoit hasamy, a Takke Ha cBoboaHON rpaHMIEC pacniaBa MPUBOJHT K 3aMETHOMY “3a3yGpHBaHHIO”
Teepaoro peulecTsa. [TosToMy xoHBeKiHs MapaHroHn 3HaYHTEILHO BJMACT HA 3aBHCALLYIO OT BPEeMEHH
(GopMy H IBHXCHHE rPAHHLBEI MEXLY TBEPAWM TE/OM H XHAKOCTHIO. OHAKO PACCYHTAHHBIC CKOPOCTH
IUIARJICHUS METajUla B [EMIOM MCEHES WyBCTBHTEAbLHBI K YYETY TEPMOKANHUISPHBIX CHIL XapakTepHble
PE3YALTATH VIR NOJA TEYCHHs H PAcnpC/Ie/iCHHS TEMIEpaTyp B paciUlaBe NMoKa3aHH rpaduuccku B
dopMe H30TepMBI XKUAXO#H Da3bl M THHHI TOXA.
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